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Abstract
This paper considers the explicit solutions of free-edge stresses near circumferential cracks in surface 
coatings of circular torsion bars and their application in determining the progressive cracking density in 
the coating layers. The problem was formulated within the framework of linear elastic fracture mechan-
ics (LEFM). The free-edge stresses near crack tip and the shear stresses in the cross-section of the torsion 
bar were approached in explicit forms based on the variational principle of complementary strain energy. 
Criterion for progressive cracking in the coating layer was established in sense of strain energy conserva-
tion, and the crack density is thereby estimated. Effects of external torque, aspect ratio, and elastic proper-
ties on the density of progressive cracking were examined numerically. The present study shows that, in 
the sense of inducing a given crack density, compliant coating layer with lower modulus has much higher 
critical torque than that of a stiffer one with the same geometries and substrate material, i.e., compliant 
coating layer has greater cracking tolerance. Meanwhile, the study also indicates that thicker surface coat-
ing layer is more pliant to cracking than the thinner ones. The present model can be used for analyzing 
the damage mechanism and cracking tolerance of surface coatings of torsion shafts and for data reduction 
of torsional fracture test of brittle surface coatings, etc.
Keywords: free-edge stress, progressive cracking, surface coatings, torsional shaft bar, fracture criterion, 
energy release rate (ERR)
1. Introduction
Surface coatings have been used extensively in modern industries as anticorrosion coatings, solid lubri-
cants, thermal barriers of gas turbines, and optical reflectors on organic glasses, among others. Typical 
surface coating system belongs to brittle thin-film on compliant substrate. Cracking and buckling delami-
nation of the brittle coating layers may appear in surface coating layers under the action of planar strains 
that may be resulted from external loading, temperature change or even residual thermal stresses. In the 
past two decades, significant progress has been made to understanding the cracking and buckling delami-
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nation in surface coating systems. Among those, the simplest theoretical delineation of cracking in surface 
coatings is based on Cox’s shear-lag model (Cox, 1952). Recent detailed analysis of cracking and buckling 
delamination in flat surface-coating systems with multiple failure modes has been conducted (Hutchin-
son and Suo, 1992; Evans et al., 2001; Mishnaevsky and Gross, 2004; Mishnaevsky and Gross, 2005; Xia 
and Hutchinson, 2000; Shenoy et al., 2001; Vlassak, 2003; Liang et al., 2004; and references). When consid-
ering the mechanical behavior of surface coating layer on curved substrate (e.g., cylindrical surface), the 
substrate curvature may enhance or suppress the delamination, depending on the sign of the curvature 
and the direction of declamation growth (Hutchinson, 2001; Faulhaber et al., 2006). Based on the mixed-
mode fracture theory of thin layers (Hutchinson and Suo, 1992; Suo and Hutchinson, 1990), delamination 
analysis indicated that, for thin elastic films bonded to cylindrical substrates and subjected to equi-biaxial 
compressive pre-stresses, the circumferential delamination growth is suppressed in the case of negative 
substrate curvature (interior surface); in contrast it is favored in the case of positive substrate curvature 
(exterior surface) (Hutchinson, 2001). It also showed that the axial growth of the delamination is indepen-
dent of the radius of the cylindrical substrate. In addition, recent investigation of buckling delamination in 
compressed multilayers on curved substrates further explored the mechanisms of buckling delamination 
and spalling of surface coatings, and therefore provided feasible testing protocols in measuring their me-
chanical properties, e.g., the delamination toughness and stress distribution in the surface coating system 
(Faulhaber et al., 2006).
So far, a variety of special surface coatings have been developed such as those made of diamond-like 
carbon, annealed boron carbide, and amorphous Pb-Mo-S (Singer et al., 2003; Wang and Kato, 2003a; 
Wang and Kato, 2003b; Donnet and Erdemir, 2004), which are capable of being employed as solid lubri-
cants and anticorrosion coatings for power transmission shafts. In addition to their lower friction, these 
surface coating materials exhibit greater wear resistance and fracture toughness. In practice, when sub-
jected to torsional loading, high shear stress in shift bars may induce cracking and delamination in these 
brittle coating layers. Circumferential cracking in surface coating layers may occur in some specific con-
ditions when the crack growth is governed by shearing. As a matter of fact, there exist two competitive 
mechanisms to govern the growth of the cracking, i.e., the delamination growth along coating/substrate 
interface and the increase of the cracking density or the growth of cracks in the coating layers. The actual 
cracking mode depends upon the fracture toughness of the coating material, interface toughness, aspect 
ratio (ratio of the coating layer thickness to the radius of the circular shaft bar), and the elasticity dissim-
ilarity of the coating layer and the substrate. Furthermore, for cracked surface coating layers, interfacial 
stresses near the crack tip can be treated as free-edge stresses which have been extensively studied in lam-
inated composites since the pioneering work by Pipes and Pagano (Pipes and Pagano, 1970). Free-edge 
stress analysis in laminated composites has been reviewed in the recent literature (Mittelstedt and Becker, 
2004a; Mittelstedt and Becker, 2004b; Wu and Dzenis, 2005).
Nevertheless, to authors’ knowledge, no model has been reported yet on the progressive cracking and 
the stress state of a circular torsion bar with multiple cracks in surface coatings. Therefore, in this work, 
we initiate the study in determining the free-edge stresses and the criterion of progressive cracking in 
cracked coating layer of a circular torsion bar. We limit our formulation within the framework of linear 
elastic fracture mechanics (LEFM). By assuming linear distribution of the shear stresses in the cross-sec-
tion of the torsion bar, the free-edge stresses near crack tip of the coating layer and the entire shear stresses 
in the cross-section are determined through the variation of the complementary strain energy (Washizu, 
1968; Hu, 1984). Criterion of progressive cracking and the resulting cracking density are established in the 
sense of strain energy conservation. Effects of the aspect ratio and the mechanical properties of the coating 
system on the free-edge stresses and the cracking density are examined numerically. Application of the 
present method is further addressed in the end of the paper.
2. Problem statement and solution
2.1. Governing equations
Consider a long cylindrical shaft bar with circular cross-section and uniform surface coating layer sub-
jected to external torque T at two ends, as illustrated in Figure 1. The shear moduli of the torsion bar and 
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the coating layer are assigned as G1 and G2, respectively. The radius of the torsion bar is denoted R0, and 
the thickness of the coating layer is assigned as t. When subjected to sufficiently large torque T, cracking 
in the coating layer and/or delamination of the coating layer may appear. Hereafter, we only consider the 
simplest failure case, i.e., only periodic circumferential cracking appears in the coating layer. In such spe-
cific case, the cracking is governed by pure shearing. With the increase of the twisting load, the density of 
the circumferential cracks will increase monotonely.
Due to the axisymmetry of the system under consideration, a cylindrical (r, z)-coordinate system is in-
troduced along the bar axis (Figure 1). The deformations of the bar and the surface coating layer under 
consideration are pure shear. The nontrivial stresses are only two shear stresses, i.e., τrθ(r, z) and τθz(r, z). 
Thus, the resulting equilibrium equation is (Timoshenko and Goodier, 1951)
(1)
where ρ and ξ are two dimensionless coordinates such that ρ = r/R0 and ξ = z/R0. In the following, vari-
ables with subscript “1” are related to those of the torsion bar (substrate); while variables with subscript 
“2” are attached to those of the coating layer. As a matter of fact, the exact stress state will become com-
plicated once circumferential cracking happens in the coating layer. To approach the stress distribution in 
the torsion bar with cracked coating layer, we use the principle of the minimum complementary strain en-
ergy (Washizu, 1968; Hu, 1984) based on the following stress assumption:
The stress components τθz1 and τθz2 in the torsion bar and the coating layer vary linearly with the coor-
dinate ρ such that
(2)
(3)
where τ1(ξ) and τ2(ξ) are two unknown functions to be determined. Similar stress assumption has been 
used in approaching the shear stresses in tubular lap joints (Volkersen, 1965; Adams and Peppiatt, 1977; 
Chen and Cheng, 1992). When considering a typical torsion bar segment between two parallel circumfer-
ential cracks (see Figure 1), the traction boundary conditions at z = 0 and z = L lead to
(4)
                                                                                                                             (5)
The formal solutions for τρθ1 and τρθ2 can be determined by substituting (2) and (3) into Equation (1) such 
that
(6)
(7)
Stress continuity at ρ = 1, i.e., τρθ1│ρ=1 = τρθ2│ρ=1, gives
Figure 1. Circumferential cracks in the surface coating layer of a circular torsion bar.
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(8)
Integrating Equation (8) with respect to the dimensionless variable ξ from 0 to arbitrary location ξ between 
0 and λ leads to
(9)
This relation can be further simplified by using the traction conditions (4) and (5) as
(10)
The governing equation in determining the unknown functions τ1(ξ) and τ2(ξ) can be formulated through 
the variational principle of the complementary strain energy (Washizu, 1968; Hu, 1984). In the present 
problem, the complementary strain energy of the torsion bar segment between 0 and λ consists of the con-
tribution by both the torsion bar and the coating layer:
     (11)
where
(12)
(13)
Substituting (2), (3), (6) and (7) into integrals (12) and (13) yields
(14)
and
(15)
As a result, relations (14) and (15) can be rewritten as
(16)
and
(17)
where A and α are two coefficients related to the geometrical aspect ratio, i.e.
(18)
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For convenience in the following derivation, relation (10) is recast as
          (19)
where
(20)
Therefore, substituting (16), (17) and (20) into (11) leads to
(21)
where β is the index of modulus dissimilarity defined by
              (22)
By applying the principle of minimum complementary strain energy (Washizu, 1968; Hu, 1984), func-
tional (21) results in the governing differential equation:
(23)
2.2. Two elementary solutions for shear stresses in circular torsion bars with circumferential cracks
The general solution to Equation (23) can be expressed as
(24)
Here, k is the positive root of the characteristic equation resulted from Equation (23):
(25)
and C1 and C2 are two coefficients that can be determined by the traction-free boundary condition (5), i.e.
(26)
Therefore, solution (24) can be expressed in explicit form such that
(27)
Consequently, substitution of (10) and (27) into (2), (3), (6) and (7) gives the complete stress field in the cir-
cular torsion bar with circumferential cracks in the surface coating layer.
Here, we consider a limiting case of single circumferential crack at ξ = 0, and the corresponding traction 
conditions are
(28)
(29)
By determining the unknowns C1 and C2 in (24) to satisfy the traction conditions (28) and (29), the solution 
to single circumferential crack is
(30)
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In the limiting case of ξ → +∞, relations (29) and (30) tend to the trivial crack-free solution:
(31)
Moreover, by substituting (30) and (31) into (2), (3), (6) and (7), we obtain the stress field in a crack-free 
torsion bar with surface coatings:
(32)
In the limiting case of homogenous circular torsion bar, i.e., β = 1, solution (32) recovers the stress field 
given by the elementary torsion bar theory. It should be mentioned that the actual free-edge stresses near 
crack tip are singular in view of LEFM and classic elasticity (wedge problem). The exact analytic expres-
sions of the free-edge stresses are complicated and are hard to obtain when taking into account the inter-
face and the finite dimensions. Therefore, the above approximate stress expressions provide an efficient 
engineering method for stress comparison and parameter analysis, similar to those developed for free-
edge stress analysis of laminated composite materials (Pipes and Pagano, 1970; Mittelstedt and Becker, 
2004a; Mittelstedt and Becker, 2004b; Wu and Dzenis, 2005).
3. Progressive cracking analysis
3.1. Critical torque Tc for first circumferential cracking in surface coating layers of circular torsion bars
Within the framework of LEFM, the cracking criterion is that, subjected to the constant torque Tc, the 
strain energy increase ΔU due to cracking is equal to the strain energy release ΔΓ such that
(33)
where Gc is the critical energy release rate (ERR) of the circumferential crack in the coating layer. In this 
case, the circumferential cracking belongs to mode-II type since the crack initiates at some point and then 
grows under in-plane pure shear. Similar energy scheme has been used in determining the critical ten-
sile stress in inducing progressive matrix cracking in laminated polymer composites (Laws and Dvorak, 
1988). Therefore, by using the strain energy integral (21) and solutions (30) and (31), the increase of strain 
energy due to first circumferential cracking can be determined as
(34)
Substituting (34) into (33) determines the corresponding critical torque:
(35)
It should be claimed that the solution given above is resulted from the assumption of complete circum-
ferential cracking. In order to evaluate the above method, we also consider the ERR of a single circumfer-
ential crack in the limiting case that the coating layer and the substrate have the same material properties. 
Calculation shows that the relationship between the ERR and the aspect ratio has the growth tendency 
very close to that predicted by the exact asymptotical method (Benthem and Koitor, 1973), and the devia-
tion is relatively small for a wide range of the aspect ratio.
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3.2. Progressive circumferential cracking and crack density in surface coating layers of circular torsion bars
In an attempt to study the progressive cracking in surface coating layer of a circular torsion bar, it is desir-
able to determine the density of circumferential cracks as a function of the external torque. Therefore, con-
sider the case that the external torque gradually increases its magnitude till it reaches the critical value Tc, 
at which the next circumferential crack appears between two adjacent cracks with spacing L (see Figure 2). 
It is reasonable to first consider the next crack at an arbitrary locus C between AB. Based on the strain en-
ergy criterion (33), it reads
(36)
where λ1 = L1/R0, λ2 = L2/R0, λ = L/R0 (λ = λ1 + λ2), and τ2(ξ) is given by (27) with the variable λ corre-
sponding to the individual integration domain. The three integrals in (36) can be expressed explicitly. As a 
result, relation (36) can be rewritten as
(37)
where
(38)
(39)
(40)
Consequently, the resulting critical torque Tc can be extracted from (37) such that
(41)
Without loss of generality, the locus C of next crack can be assumed as a random variable. Here we intro-
duce the probability density function p that describes the site of the next circumferential crack. As a result, 
Figure 2. An arbitrary circumferential crack between two adjacent cracks.
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the expected value of the external critical torque in inducing the next circumferential crack in the circular 
torsion bar which already contains cracks of the dimensionless cracking density d(=1/λ) is
(42)
where Tc(ξ) is given by (41). The choice of the probability density function is crucial. Here we consider 
three candidates similar to those discussed in progressive matrix cracking in cross-ply polymer composite 
laminates (Laws and Dvorak, 1988).
The first case assumes an extreme situation that the next circumferential cracking would be guaranteed 
to occur at the exact mid-point of the unbroken portion of the surface coating layer, which is correspond-
ing to the minimum torque for the next cracking. In this case, the corresponding density function p is the 
Dirac delta function, i.e.
           (43)
The second case considers another extreme situation that the next circumferential cracking is assumed to 
be possible equally as
          (44)
The last more appealing hypothesis is to assume that p(ξ) be proportional to the shear stress given by (27) 
such that
(45)
which favors the simple linear fracture mechanics.
Therefore, in the case of distribution (43), the expected critical torque can be expressed in explicit form 
by substituting (41) and (43) into (42) as
(46)
where D1, D2, and D are defined in (38), (39) and (40) with λ1 = λ2 = λ/2. However, numerical scheme has 
to be employed in determining the expected critical torque Tc in the cases of (44) and (45) as demonstrated 
in Section 4.2 below.
4. Numerical examples
4.1. Free-edge stresses in circular torsion bars with cracked surface coatings
Closed-form solutions for shear stresses in a circular torsion bar with circumferentially cracked surface 
coating layer can be determined by plugging (19), (27) and (30) into (2), (3), (6) and (7). As a result, the 
shear stress field in a circular torsion bar with single circumferential crack is
(47)
(48)
(49)
(50)
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Correspondingly, the shear stress field in a circular torsion bar with periodic circumferential cracks of 
spacing λ is
(51)
(52)
(53)
(54)
To illustrate the effects of aspect ratio and modulus dissimilarity on the shear stress distribution, we 
plot the variations of the dimensionless shear stress τθz2(1, ξ)/τ0 and the interfacial circumferential shear 
stress τρθ2(1, ξ)/τ0 in the coating layer vs. the dimensionless distance ξ(ξ = x/R0) from the crack tip for vary-
ing aspect ratio η = t/R0 and index of modulus dissimilarity β = G2/G1, respectively, as shown in Figure 3, 
Figure 3. Interfacial free-edge shear stresses for single circumferential cracking in the surface coating layer of a circu-
lar torsion bar.
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Figure 4 and Figure 5. In the case of single circumferential cracking, Figure 3 shows that free-edge effect 
on the shear stress field is localized within about 1.5R0 along axial direction. It also shows that circum-
ferential cracking in relatively stiffer surface coating layers (with higher β-values) tends to induce much 
higher shear stresses in the coating layers, and in thicker surface coating layers it also tends to induce 
greater shear stresses. By comparison with the longitudinal shear stresses τθz2(1, ξ)/τ0 in coating layers, the 
interfacial circumferential shear stress τρθ2(1, ξ)/τ0 are lower, especially in the case of a compliant surface 
coating layer.
In the case of two adjacent circumferential cracks with varying crack spacing, Figure 4 and Figure 5 in-
dicate that the shear stress variation is very close to that for a single circumferential crack due to the high 
localization of the free-edge stresses. As aforementioned in Section 2.2, the actual free-edge stresses near 
crack tip are singular. However, the present stress solutions provide an efficient method for stress com-
parison and parameter analysis.
4.2. Critical torque Tc to induce progressive circumferential cracking and resulting crack density in surface coating 
layers of circular torsion bars
With increasing twisting loads on a circular torsion bar, first circumferential crack may appear once the 
criterion (3) is satisfied. In this case, the variation of the dimensionless critical torque Tc/(πG2GcR5)1/2 vs. 
Figure 4. Interfacial free-edge shear stresses for periodic circumferential cracks in the surface coating layer of a circu-
lar torsion bar (dimensionless crack spacing: λ = 5).
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Figure 5. Interfacial free-edge shear stresses for periodic circumferential crack in the surface coating layer of a circular 
torsion bar (dimensionless crack spacing: λ = 20).
Figure 6. Variation of the critical torque to induce first circumferential crack vs. the aspect ratio of coating layer for 
varying index of modulus dissimilarity.
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the aspect ratio η at several indices of modulus dissimilarity β is illustrated numerically in Figure 6. It can 
be observed that the critical torque decreases rapidly with increasing either the η-value or the β-value, i.e., 
thicker and stiffer coating layers are more pliable to circumferential cracking.
Now let us consider the progressive circumferential cracking. In this case, the dimensionless progres-
sive cracking density d = 1/λ is a function of the dimensionless critical torque Tc/(πG2GcR5)1/2, where 
λ = L/R0 is the dimensionless crack spacing. Here the critical torque is understood in the sense of the ex-
pected value according to (36), i.e., the expected critical torque to induce the next circumferential crack 
between two adjacent circumferential cracks with spacing λ. By using the three possibility distributions 
aforementioned, the variation of the crack density vs. the critical torque is plotted in Figure 7 for vary-
ing η- and β-values. From Figure 7, it can be found that the three cracking models predict similar density 
growth trends. The first model (curves with index 1 in Figure 7) with assumption of next cracking at the 
mid-point predicts the greatest progressive cracking density, i.e., an aggressive prediction; while the sec-
ond model with assumption of even cracking predicts the lowest cracking density correspondingly, i.e., 
a conservative prediction. Furthermore, for given cracking density and aspect ratio, stiffer coating layers 
with greater β-values result in lower critical torques by comparison with those made of compliant mate-
rials. Moreover, the critical torque decreases with increasing the aspect ratio (coating layer thickness) at 
fixed cracking density. Consequently, when the cracking density tends to zero, i.e., single circumferential 
cracking, the corresponding critical torques recovers those for single cracks as predicted in relation (35) 
and illustrated in Figure 6.
Figure 7. Variation of the crack density vs. the critical torque to induce the next circumferential crack for several as-
pect ratios and indices of modulus dissimilarity. Curves with indices 1, 2, and 3 are corresponding to the 1st, 2nd, and 
3rd probability distribution models described in Section 3.2, respectively.
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5. Concluding remarks
In this study, within the framework of LEFM, explicit solutions have been developed for the free-edge 
stresses and progressive cracking of surface coating layers of circular torsion bars. Criteria for progressive 
cracking of the surface coatings have been established successfully in the sense of conservation of strain 
energy. This criterion has been demonstrated in predicting the density of progressive cracking in surface 
coating layers of torsion bars with varying aspect ratio and index of modulus dissimilarity. Effects of ex-
ternal torque, aspect ratio, and elastic properties on the free-edge stress distribution and the density of 
progressive cracking have been examined. It has been shown that coating layer of compliant materials has 
much higher critical torque than that of a stiffer one under the condition of same geometries and substrate 
in inducing given cracking density. Meanwhile, thicker surface coating layers exhibit more pliant to crack-
ing than thin ones. Therefore, the above results can be used to guide the surface coating design and crack-
ing prediction. When the geometries and material properties of the coating system are available, the pres-
ent model could be used in analyzing the damage mechanism in surface coatings of torsion bars and data 
reduction of torsion fracture test of surface coatings. In the latter case, the fracture toughness of the sur-
face coating layer can be determined by measuring the crack spacing and using the formulas developed in 
Section 3.
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